
Math 451: Introduction to General Topology
Lecture 3

Examples. (a) INF= IN.

:... Proof
. By induction on K

,
it is enough to prove that INXIN = IN . Define

7
(n . m)

y f : /NXIN-IN by flu
, m) := + n =

Intm)(n+ m+ 1)
+ n .

in It's not hard he check that this is a bijection by facing the inverse.

left as an exercise.

(a) If X is utbl
,
then so is X" for all KEN.

Proof
.

X ctbl <=> IN ->-X
,
so INFeeX. But NEIY

,
so IN+ XY

,

Leave X" is otbl.

(6) < = IN . es
&

3

IProof...... It f : < + IN defined by F(z) := let
Again, his is easily a bijection.

() = IN .
Proof

.
Since Q2IN

,
A i infinite

,
so it is enough to show Wat IN--Q

.
But

IN ++ /N" -+ XxINt
. We define f: xIN +- by (m , ul is h ,

so is

a surjection , here RxIN
*
-+ Q

,
Mus IN-+Q

.

Notation
.
For a set X

,
X*= 403 · Then for Karl

,
put X := X

*

xX=
Thus X" contains taples of elements of X of Length D.

Denote by XI := WX" and think of this as the set of all finite taples/words
kE/N

in X.

Proplwithout As) . If X is atbl
,
then so is X"IN.

Proof
. HW .



The following generalizes the last proposition but requires Al.

Prop(AC) . (tbl union of ctbl sete is ctbl
,
i
.
e
.

if I is a cthl set of ethel refe
,
then

US is ctbl
.

In particular , for ctbl sets Xu
,
WEIN
,Un is cel.

Proof
. Let I be ctbl so = enumeration INeeS by not Su , i. e . S = &Su : neIN) ,

For each nEI
,
choose an enumeration fu : IN->Su and define f : /NXIN-> US = USu

4tIX

by (n
,m) > fulm)

,
which is sojective because for any xEVS we have xeSu for

come UEIN
,
hence x = fulu) for some mEN

.

Thus
,
IN = IN'teUS.

i
I

Here we used A) to get a functionht fu
,
i
.
e
.

to choose a surjec-
tion fu : /NegSu for each neIN.

A real -ERR is called algebraic if it is a roof of a polynomial with rational
coefficients.

Cor
.

The set of algebraic numbers is otl.

Proof
.
Each polynomial is determined by a finite taple of rationals, hence N
subjects outo the set of polynomials with rationalefficients

,
so the set

of such polynomials isbl since @N is
.

But each polynomial has only finitely
many roofs

,
so the set of all rootsli

.
e. The set of algebraic number is a otbl

union of frite cets
,
hencetbl.

Mucthel sete and Cantor diagonalization.

We would likehe prove that are unctbl sets. We will show that PCIN) is unctbl.

We will do so via Cantor's diagonalization method , which we now describe
.

Given

a matrix M with index set IXI of entries from 40, 13 ,
this method produces an



F-indexed rechor that doesn't appear in the matrix as a row or a column.
Indeed hake the antidiagonal :

S I= 4 : = 70, 1 ,2 , 3) - (M) (i) : = 41 if M(x, i) = 0 .

O if M(i
,
i) = 1

Then the rector VIM) is not volume
01 I 23

day antiding nor a row in M.

We use this simple idea to prove

Theorem (Cantor). For
any
st X

,
X *-OIX). In particular

,

X # OI).
Proof

. Suppose toward a contradiction that If : X ++ O(X).

X1
f(x)) =(x) let V : = (xEX : xEf(x) and we know that Ve is not in f(X)

.

Indeed
f

for
any xEX ,

we have that xef(x)= x & Xf ,
hence f(x).

This contradicts the curjectivity off
x x *

Cor
.
O(IN) is nuctbl.

Cor
.

For
any set XG((X) but P(X)kX.

Proof
.
XG P(X) by xH[x] and O(X) GX is not true since it would imply
X +- P(X)

, contradicting Canter's meorem .

Examples. (a) P(X) = 2" for all sele X
,
here X ** 2Y

.

In particular, 2 = PIIN) is unctbl
.

(6) IR = [0, = I = 0 (IN) Leave IR is uncfbl .

Proof . We only needbe dow 2 = 10
.

1. It is enough to dow Mut 2NG 20
, 12 and

2
*ee 10 , 1 since Pen 2014 I and nence 10

, 1 =2 by the Canter-schroder

Bernstein theorem.

2et [0 ,1 : let % : 2- 10
,
17 be defined by Kulne It 0. X. X , Xz ... (binary repre-



restation
.

- is sujective become each real in 10
, 1) advil a binars representation,

including 1= 0 . 11111 ... But this isn't injective since 0
.
0101111111 ... = 0

.

0110000
...

&↳ CO,1) : Let g
: 2
*
-> 10

,
23 by Kalnea It (2xu)new . Map h : 10, 23 + C0, 1)

by Iyahnen It P
. %0414e ... treated as a termary representation. This is an inject

tion since the sequence you, ... doesn't have a 1 in it
,
so there are no ambigue

our representations 0
, 20202722 ... = 0 . 20210000 . -

# h110
,
27)

.

However h isn't surjective since say
0 . 11 Ah130 ,27) . In fast the image

of h is the standard Canter set
,
which we will discuss later.

Notation
.
For sets X

,
Y
,
instead of writing X=Y, we write IXI = IT) and say

that

X and I have the came cardinality . We also write I I4) to mean XGY
and Ix1 </Y to indicate XGY but YGX .

In this rotation
,
IDINIK /NI but IP(IN)1 = 12'N) = CIRI

.

We call this carcina-

lity continuum
,
a set has cardinality continuoum means it is equinumerous with IR.

It is natural to wonder if there is a cardinality between IN andR
,
i
. e.

if there is a set X such that IINI < IXIIIRI . The negative answer bo this

is known as the Continuum Hypothesis (CH)
.
Whether this holds or not turned out

to be independent from the set theory axious math is based on (called EFC),
proved by Godel anch Cohen.


